This essay is an attempt to present for a very general audience, i.e. non exclusively mathematicians, the idea of logical perfection which often occurs informally in discussion around mathematics, sometimes in the form of aesthetic criterion, and is one of the strongest drivers of mathematical activity and arguably one of the main tests for its relevance. Since advent of the discipline of mathematical logic it has become possible to investigate a certain potentially adequate formal notion by mathematical means. Roughly, before giving more detail, a mathematical object of "large size" is logically perfect if in a certain formal language it allows a "concise" description fully determining the object.
We dare to present this concept to the big public since we think that aside from its mathematical relevancy the discussion about the idea of logical perfection along the lines we have undertaken in this text is also of interest for philosophers and in general for anyone interested in knowing about what mathematicians are working on and how this can influence their own knowledge and practices, hopefully artists belong to this group too. Therefore, we want to show to the layman a good idea about some of the motivations, objects and structures present in our work and reflections as mathematicians.
Of course, writing for the general audience we have to skip many subtle mathematical details and avoid as much as possible technical terms. This presented us with the challenge and also an opportunity to formulate the results of mathematical research in a more conceptual and graphical way so that it could be appreciated by those interested in the development of human intelligence both in sciences and in arts.
One of our goals is to show that the idea of logical perfection can go beyond mathematics. So, we will argue that logically perfect structures can be used for studies of the physical world, making it relevant not just in mathematics but in the realm of physics too. The question about whether logical perfection has manifestations in other areas of the human activity, like art, remains open and we hope some of the readers will find the courage for tackling it. Maybe the ideas of categoricity, definability and representability present in the development of the notion of logical perfection might find some echoes in other creative activities.
The essay has arisen from many conversations and collaboration the two authors had had during the last three years and it is based on two talks the first author gave, one in Paris and the other one in Bogotá about the work of the second author. In particular, the talk given at Bogotá during the workshop "Mapping traces: Representation from Categoricity to Definability" organized by Andrés Villaveces and María Clara Cortés at Universidad Nacional de Colombia, was very helpful since the audience composed by philosophers, mathematicians and artists made the idea of writing about logical perfection for a general audience possible.
This text should be thought as a manifesto. A manifesto in which we propose not only to the mathematical community a debate about the delicate notion of logical perfection, and also a manifesto of what we considered is one of the future (and fruitful) lines of research in our area. For this reason some readers could find that the essay is written in a provocative style which is natural in this kind of text looking for expanding perspectives.
Why logical perfection?
The interest in looking for some kind of perfection in mathematical structures is not new. Along the history of our discipline can be appreciated that in many times and for different sorts of motivations, mathematicians has been driven to think on perfection and have tried to capture this idea by means of mathematical tools. Here we do not want to make an extensive list of such mathematicians but few names like Galois, Riemann, Cantor and Grothendieck should be enough to make our point clear. For instance, it is possible to see, without entering in details since this is not the purpose of this essay, that there is an underlying idea of perfection in Galois' insistence in the role of symmetry for understanding the solutions of algebraic equations, in Riemann's ideas for the foundations of geometry and the developments of the so-called Riemann surfaces and all the geometry behind them, in Cantor's theory of transfinite numbers and his search of the absolute and in Grothendieck's new foundations for algebraic geometry and his refinement of the idea of space through his mathematical work.
What is new in the approach presented here is that we claim the existence of relevant rigorous mathematical concept which allowed an amazingly deep theory and have lead to a new understanding of a number of specific structures central to modern mathematics. This rigorous concept is defined within the discipline called model theory, a subdiscipline of mathematical logic, which deals with formal languages and their semantics. One can confidently claim that the central concept of the present-day model theory is that of stability of formal theories and the key notion of stability theory (from which it started in the 1960s) is that of uncountably categorical theories. Through efforts of many people, and most prominently by contributions of S.Shelah (see [4] ), we have now a rather comprehensive classification theory which establishes an effective hierarchy in the "universe" of mathematical structures (or their theories)
1 . The hierarchy is effectively based on the complexity of the system of invariants which ultimately describe a given structure, a model of a formal theory 2 . The highest level of the hierarchy correspond to the 1 An interesting interactive visualisation of "a map of the universe" can be seen online at http://www.forkinganddividing.com . Unfortunately, the graphics presents it as a flat landscape although there is a natural feel that the "more stable" structures should be at higher levels of the landscape. 2 Shelah also uses the criteria of whether the given first-order theory has a structure simplest system of invariants. This should, in our view, correspond to the highest level of perfection.
While the argument above presents a mathematically rigorous and completely abstract notion which may be felt relevant to the notion of perfection we still have to address the issue of how adequate and useful this may be, what dividing lines the notion draws and which of the important mathematical structures satisfy the criteria. There is an answer, satisfactory in our view, which comes from the same source, the classification theory and more broadly the modern model theory. The overall experience in the study of the hierarchy of stability and categoricity is that the higher a structure is in the hierarchy the closer it is to the "centre of mathematical universe", which is for us algebraic geometry in the broadest sense, perhaps best concentrated around the great ideas of Grothendieck. In a sense we can dare to define the most general form of geometry to be the structures populating the top levels of stability hierarchy. Working on this presumption one arrives at a meaningful notion of non-classical geometric spaces (see [1] , [9] , [11] and the discussion in section 3 ) which in a more conventional mathematical setting are treated via the formalism of non-commutative (or quantum) geometry . The latter approach is essentially a syntactic algebraic analysis avoiding geometric semantics.
Logical perfection and the issue of uniqueness
As explained above at the center of classification theory lies the notion of categoricity (more precisely, technically, categoricity in uncountable cardinals).
The notion of categoricity is a concretization of the meaning of uniqueness. One says that a collection of statements in a formal language (set of axioms) is categorical if it has just one model, up to isomorphism. This expression "up to isomorphism" means that we do not want to distinguish two structures if they differ only by the way their elements are presented.
The choice of the formal language is very essential. Usually it is meant to be a first-order language, that is one which allows only finite length formulas theorem, that is if the isomorphism types of models of the theory can be classified in terms of a simple combinatorial structure.
and quantifiers "for all" and "exists" which refer to elements of the structure in question (but not to relations or functions). However, as the research in the last 3 decades has shown, much of what will be said below about categoricity in the first-order context holds in a more general setting.
The notion of categoricity exists for as long as logic has been formalised. But in the context of first order languages one realises very quickly, from basic facts of the theory, that the above absolute categoricity can only hold for descriptions of finite structures. For infinite structures M it is possible to have uniqueness in some cases if we add to the first order description the (non-first-order) statement fixing the cardinality κ of the structure M. This relative categoricity is called categoricity in caridnality (in power) κ or κ-categoricity.
One has to distinguish two types of cardinalities in the context of categoricity, namely, uncountable (large) and countable (the minimal infinite) categoricity. We are interested in uncountable categorically describable structures which means that the structure is much bigger than the size of its description. A remarkable fact was proved by Michael Morley in 1964, namely, that categoricity in one uncountable cardinality implies the categoricity in all uncountable cardinalities: the actual value of the uncountable cardinal is irrelevant.
The study of this kind of structures has been in the focus of research in model theory for at least 60 last years. The amazing conclusion derived from the research is that among the huge diversity of mathematical structures there are very few which satisfy the (slightly narrower) definition of categoricity, and those can be classified. These certainly deserve to be seen as logically perfect.
It is not that surprising that a remarkable example of such theory is the theory of the field of complex numbers C in the language based on algebraic operations + and ×. Note that in this language we can do algebraic geometry but we can not, e.g. distinguish the real part of a complex number, so we can not speak about the real numbers when working over C. In fact, the theory of the field R of real numbers is not categorical (and is not even stable)!
Complex numbers are present everywhere in mathematics as are the reals. However, there is a significant difference in the theories and in fact complex geometry and the geometry of real manifolds are two different spe-cialisations within mathematics. Classification theory detects the difference and following the above logic in effect claims a certain "priority" of complex geometry.
Of course, for a mathematician the choice of an area of research is a personal matter and is usually made on either historic or aesthetic grounds. Both complex and real geometry are equally respectful fields of mathematical research although from our point of view the first is fundamental while the second is auxiliary. It is worth mentioning that it was Bernhard Riemann, the great German mathematician, who had already understood how the real geometry interacts with the complex one and how the change to the latter introduces the whole new range of powerful methods of algebraic geometry into the field. Different criteria work in the studies of real world. Here the wrong choice of mathematical setting can have adverse effect on the understanding of reality. The mathematical model of Newtonian physics was based on the real analytic geometry. This tradition continued into the new physics with the model enriched by more and more uses of complex numbers, seen rather as convenient auxiliary tools. One of the first who pointed on the importance of reversing this perspective was Roger Penrose in his 1978 address at the International Congress of Mathematicians under the title "The complex geometry of the natural world", [5] . Today, with the arrival of string theory, the priority or at least the centrality of complex geometry is undeniable.
3 Searching for logically perfect structures: the role of geometry
Perhaps the most remarkable feature of model-theoretic classification theory is that it exposes a geometric nature of "perfect" structures. The geometric characteristics of the structures arise from its logical definition but in a highly non-trivial and initially unforeseen way. These were discovered in the course of proving the original ground-breaking categoricity theorem of Michael Morley (see above) as key technical instruments of the proof: Morley rank, homogeneity and, added in later improvements of the proof, dimension (Baldwin and Lachlan), and associated combinatorial geometries (Marsh, Zilber). It took a while to realise the geometric character of the technical definitions and to develop a new geometric intuition around the notions. In particular,
Morley rank is a very good analogue of dimension in algebraic and analytic geometry and thus we can think of "curves", "surfaces" and so on in the very general context of categorical and even stable theories. This stage of the theory is summarised in the monograph [6] by A.Pillay. In 1980s the second author formulated a Trichotomy Conjecture (see, [7] ), which, based on the above intuition, suggested that any uncountably categorical structure is "reducible" to either an object of algebraic geometry, or linear algebra, or to a simple combinatorial structure. Although in many special classes the conjecture has been confirmed, the general case was refuted by Ehud Hrushovski who found remarkable counter-examples opening fascinating new perspectives on the nature of model-theoretic geometry and its links with analytic world.
Meantime, a way to fix the Trichotomy conjecture was found. This required narrowing the class of structures subject to the conjecture, that is to give a better meaning to the notion of logical perfection. Indeed, we can do it by being more critical to the logic we use. Namely, our logical language must be sensitive to distinguish positively formulated statements from their negations. The axioms of a good (perfect) theory must be "equational" just like laws of physics and objects of geometry are given by equations (and never by inequalities). And this is already the principle on which algebraic geometry is build on! It studies curves, surfaces, shapes given as solution sets for systems of algebraic equations. Algebraic geometry treats such sets as closed in Zariski topology. The correspondent generalisation of this notion in the context of categorical and stable structures leads to the notion of a Zariski structure (or Zariski geometry) introduced by Hrushovski and the second author.
This improvement in the notion lead to a desired Classification Theorem (Hrushovski, Zilber 1993, see [8] ):
The class of Zariski geometries satisfies the Trichotomy principle and thus Zariski geometries are reducible to classical structures such as the field of complex numbers and vector spaces.
Here "reducible to" can be taken in the first reading as a technical nuisance not requiring much explanation. The typical example of Zariski geometry is a (complex) algebraic variety (glued from affine charts) with possibly a vector bundle over it, a description of which can require quite a lot of technical detail. Such a description eventually reduces to the structure of the complex field itself. However, the constructions described by the theorem can go beyond the technicalities of this example, so beyond algebraic and complex geometry. Ten years after the classification theorem, a closer analysis of what "reducible" could mean led to the discovery that a huge source of new Zariski structures is non-commutative (or quantum) algebraic geometry, see [9] .
It is hard to describe what exactly the subject of geometry as practised by mathematicians is, but non-commutative geometry is a much bigger mystery. It is best identified as the study of algebraic structures, non-commutative coordinate rings, that supposedly correspond to hypothetical geometric spaces which are not necessarily visualisable. Historically, these were physicists who, starting from the famous "magic paper" of Heisenberg of 1927, have given up to the attempts to describe the physics of micro-world in classical terms and instead used a purely formal algebraic calculus (algebraic quantum mechanics) to successfully explain the behaviour of elementary particles. One can say that the physics of micro-world lives in an unusual, previously unknown, geometric space which requires a non-commutative algebra to describe. Paralleling this the very centre of the logical universe is occupied by structures which mathematically stem from the same source.
The fusion of geometry with other branches of mathematics, for instance, number theory and representation theory, was one of the biggest programs in the mathematics of the 20th century 3 . We would like to believe that the fusion of logic (model theory) with other branches of mathematics is one of the biggest and ambitious programs of the mathematical research for 21st century. In particular, the "new geometry" arising from model theoretical considerations has the potential to become an important area of research in mathematics and beyond. And the study of logically perfect structures gives a crucial insight.
Summarizing, the search of logically perfect structures leads to consider geometric/topological ingredients in logic which has as a consequence that a refinement of the idea of logical perfection is obtained. During this process the idea of Zariski structures arises from purely logical considerations but with a geometrical flavor and motivation. So far, our discussion has not left the realm of the mathematics but as our previous discussions (and the title of the essay suggests) we want to go beyond mathematics and enter to the "real world". A question arises: Are logically perfect structures helpful for understanding the "real world"? Our answer is that they possibly are and we will try to give some insights for exploring that possibility.
Logical perfection and physics
We start this section with a long quotation from the above mentioned Roger Penrose ICM address:
"... Even at the most elementary level, there are still severe conceptual problems in providing a satisfactory interpretation of quantum mechanical observations in a way compatible with the tenets of special relativity. And quantum field theory, which represents the fully special-relativistic version of quantum theory, though it has had some very remarkable and significant successes, remains beset with inconsistencies and divergent integrals whose illeffects have been only partially circumvented. Moreover, the present status of the unification of general relativity with quantum mechanics remains merely a collection of hopes, ingenious ideas and massive but inconclusive calculations. In view of this situation it is perhaps not unreasonable to search for a different viewpoint concerning the role of geometry in basic physics. Broadly speaking, "geometry", after all, means any branch of mathematics in which pictorial representations provide powerful aids to one's mathematical intuition. It is by no means necessary that these "pictures" should refer just to a spatio-temporal ordering of physical events in the familiar way. .."
Penrose himself continues to discuss structures of complex geometry as new geometric means in quantum physics. However, today this seems to be far of being enough. With similar reasoning the physicist C.Isham and the philosopher of physics J.Butterfield came up with a bold program of building a new foundation of quantum gravity physics on the basis of Grothendieck toposes as the most general form of geometric space, [3] .
Naturally, Isham-Butterfield is not the only program to tackle the problem (see e,g, the non-commutative geometry approach [2] by A.Connes and M.Marcoli, which however does not reveal a geometric space as such) but it seems to be most ambitious and general. Maybe too general as to the best of our knowledge there is no interesting calculation produced out of it.
A project, which may be seen as similar in spirit is suggested and started in [11] and in shorter form in [1] . Like other such programs the key is the respective notion of the geometric space for physics. Our suggestion is based on the philosophy of logical perfection, after all it is reasonable to expect that the geometric structure of the universe should be as perfect as it goes. Correspondingly, the geometric space of quantum mechanics as suggested in [11] emerges from a Zariski structure, or rather a sheaf of Zariski structures. We would like to make here a few remarks.
1. The sheaf of Zariski structures, the model of quantum mechanics, can be interpreted as a concrete realisation of an Isham-Butterfield topos.
2. The construction essentially generalises [9] building a Zariski structure corresponding to the non-commutative algebra represented by the canonical commutation relation
3. The analysis of the language and definability issues in the structure draws a clear line between notions which are observable (in the sense of physics) and which are not.
It is equally important to note that the logical analysis inherent in our method makes more clear the link, correspondence, between (possibly noncommutative) algebras as they emerge in physics and geometry and the respective geometric spaces. In essence the algebras present us with the syntactic tools allowing to check in calculations what can be seen graphically and dealt with geometrically. The geometric space is thus a semantic interpretation of the syntactically given data. In classical cases, such as commutative finitely generated algebras, this corresponds to the well-known duality that is in the foundation of algebraic geometry. For commutative C * -algebras we have the Gel'fand-Naimark duality linking those to locally compact Hausdorff spaces. In non-commutative cases the situation becomes much more complex but model theory is in the best position to deal with the challenge.
We finish this section with the conclusion that the principle of logical perfection, as unconventional as it may sound to some, does not disagree with other modern approaches to the mathematical foundations of physics.
Concluding remarks
The concept of logically perfect structures emerges as the result of 50-years old classification theory in logic. The theory is deep and technical but the concept can be expressed in simple intuitive terms.
The defining property of logical perfection is uniqueness, or technically categoricity. This property implies certain internal harmony: homogeneity, dimensionality. This harmony is a manifestation of certain geometricity, which is a consequence of the incursion of geometric/topological ingredients in logic that makes logically perfect structures very flexible and general. Finally, since logical structures are in the top of the classification thoer, thery are suitable as a background structures for physics and represent a good idea of geometric space in a very broad sense. The features described above (i.e. uniqueness, geometricity, representability) have concrete mathematical formulations we have briefly described. In addition, they also help us to understand the role of those structures in the big program of studying syntax/semantics duality. As we have tried to show, logically perfect structures can be seen as located in the geometric/semantics side of the mentioned duality giving a new aproach to understand the notion of noncommutative (or quantum) geometric space which traditionally has been treated by means of syntactic/algebraic tools. Pursiung this program of interpreting the duality between algebraic and geometric objects as a duality between syntax and semantics appears to us as one of the most interesting line of researching for the future, not only in mathematics. The idea of representing one object by another (in this case its dual) can certainly be extrapolated beyond mathematics. This idea deserves more investigation.
Even that our motivation for formulating the idea of logical perfection is not philosophical, it is possible to see that there is a substantial philosophical component in that notion and that a study of logical perfection in more philosophical terms should give new insights that can be seen as an orthogonal complement to the technical approach. The development of the idea of Zariski structures and their generalizations has given birth to a "new geometry", a new "representation theory", a whole bunch of new beautiful mathematical ideas that will lead to an amazing discoveries in the future. This deserves to be studied by philosophers.
